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In this paper, we decompose the dynamic behavior of the competitive
Ž . Ž . Ž .Lotka]Volterra LV model x s x 1 y x y a x y b x , x 0 ) 0, a ) 0,i˙ i i i iq1 i iq2 i i
b ) 0, i s 1, 2, 3, with x s x , x s x , into the dynamic behavior of two two-i 4 1 5 2
dimensional manifolds, and completely analyse the global asymptotic behavior of
the competitive LV model. We obtain the necessary and sufficient conditions for
the equilibrium of the competitive LV model to be positive and globally asymptoti-
cally stable in Int R3 , the necessary and sufficient conditions for the model havingq
a family of limit cycle solutions and a heteroclinic cycle, both of which are the
v-limit set of some other trajectories of the competitive LV model. Q 2000 Aca-
demic Press
Key Words: extinction; dominant; local coordinate chart; diffeomorphism.
1. INTRODUCTION
Ž .The competitive Lotka]Volterra LV model of three species with the
same intrinsic growth rate can be written as the differential equation
dx rdt s x a y a x y a x y a x , i s 1, 2, 3, 1.1Ž . Ž .i i i1 1 i2 2 i3 3
where a ) 0 is the intrinsic growth rate of all three species; a ) 0i i
Ž . Ž .i s 1, 2, 3 is the restricting rate of the density of the ith species, a i / ji j
is the mutually competitive rate of the jth species competing with the ith
Ž .species, and x t is the population size of the ith species at time t. Leti
y s a x ra, dt s adt. 1.2Ž .i i i i
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Ž . ŽThe competitive LV model 1.1 can be turned into the variables are still
.the original variables
dx rdt s x 1 y x y a x y b x ’ x q f x , i s 1, 2, 3,Ž . Ž .i i i i iq1 i iq2 i i
1.3Ž .
where
f x ’ x yx y a x y b x , 1.4Ž . Ž . Ž .i i i i iq1 i iq2
a ) 0, b ) 0, x s x , x s x .i i 4 1 5 2
In this paper, we always assume that the subscripts j of a , b , and xj j j
satisfy 4 s 1, 5 s 2.
3  3We restrict our attention to the closed cone R s x g R : x G 0, i sq i
4 3  31, 2, 3 , and we denote the open positive cone by Int R s x g R : x )q i
40, i s 1, 2, 3 .
For the competitive LV systems between three species with the same
intrinsic growth rate, there are many significant results. May and Leonard
Ž w x.see 1]3 were the first to study the symmetric case, that is, a s a ,i
Ž .b s b i s 1, 2, 3 . They proved that the LV systems possess a speciali
class of periodic limit cycle solutions. They also found numerically that the
LV systems exhibit a general class of solutions with nonperiodic oscilla-
tions of bounded amplitude but ever-increasing cycle time; asymptotically,
‘‘the systems cycle from being composed almost wholly of population 1, to
almost wholly 2, to almost wholly 3, back to almost wholly to 1, etc.’’
w xFor 0 - a - 1 - b , Schuster et al. 4 rigorously showed that for eachi i
Ž Ž . Ž . Ž .. 3 Žinitial condition x s x 0 , x 0 , x 0 g Int R y L L is a ray starting0 1 2 3 q
.from the origin and passing through the positive equilibrium , the v limit
Ž . w xset of the trajectory of x t, x is a heteroclinic cycle. Zhang, and Liang 50
Ž . w xstudied the conditions of closed orbits of 1.3 . Chi et al. 6 and Uno and
w x Ž .Odani 7 completely analysed the competitive LV model 1.3 for 0 - a i
w x Ž .- 1 - b . Coste et al. 8 analysed the LV model 1.3 further.i
w xSince papers 1]8 restrict the coefficients satisfying 0 - a - 1 - b ,i i
Ž .the v limit set of all positive solutions of the LV model 1.3 is one of
following.
Ž .a A positive equilibrium.
Ž .b A family of closed orbits.
Ž .c A heteroclinic cycle.
As we shall see below, if we eliminate the restriction of 0 - a - 1 - b ,i i
Ž .the v limit sets of the competitive LV model 1.3 are different from
above. For example, a family of stable limit cycle solutions and a stable
Ž . Ž .equilibrium can coexist in 1.3 see Section 3 . The condition of 0 - a -i
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1 - b is an approximate symmetry, since species 3 is cruelly competing toi
species 1, species 1 is cruelly competing to species 2, and species 2 is
cruelly competing to species 3. Thus, it is necessary to eliminate the
restriction of 0 - a - 1 - b .i i
Ž . Ž .The possible non-negative equilibria of system 1.3 are O 0, 0, 0 ,
Ž . Ž . Ž . ŽŽ . Ž . Ž . ŽE 1, 0, 0 , E 0, 1, 0 , E 0, 0, 1 , E 1 y a r 1 y a b , 1 y b r 1 y1 2 3 4 1 1 2 2
. . ŽŽ . Ž . Ž . Ž .. Ž Ža b , 0 , E 1 y b r 1 y a b , 0, 1 y a r 1 y a b , E 0, 1 y1 2 5 1 3 1 3 3 1 6
. Ž . Ž . Ž .. Ž .a r 1 y a b , 1 y b r 1 y a b , and E x , x , x , where x , i s2 2 3 3 2 3 7 1 2 3 i
1, 2, 3, are the positive solutions of the following equations
x q a x q b x s 1,¡ 1 1 2 1 3~b x q x q a x s 1, 1.5Ž .2 1 2 2 3¢a x q b x q x s 1.3 1 3 2 3
Let
1 a b1 1
b 1 aD ’ det s 1 y a b y a b y a b q a a a2 2 1 2 2 3 3 1 1 2 3 0a b 13 3
q b b b ,1 2 3
1 a b1 1
1 1 aD ’ det s 1 y a y b y a b q a a q b b ,21 1 1 2 3 1 2 1 3 01 b 13
1 1 b1
b 1 aD ’ det s 1 y a y b y a b q a a q b b ,2 22 2 2 3 1 2 3 2 1 0a 1 13
1 a 11
b 1 1D ’ det s 1 y a y b y a b q a a q b b .23 3 3 1 2 3 1 3 2 0a b 13 3
Ž .Thus, x s D rD D / 0 , i s 1, 2, 3.i i
For convenience of discussion, in Sections 2 and 3 we always assume
that
a ) 0, b ) 0, a / 1, b / 1. 1.6Ž .i i i i
In Section 2, we shall discuss the conditions of the existence of the
Ž .positive equilibrium of model 1.3 and the sign of D . In Section 3, wei
Ž .shall discuss the v limit sets of all positive solutions of model 1.3 . In
Ž . Ž .Section 4, we shall discuss the v limit sets of 1.3 as 1.6 does not hold.
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Ž .In order to depict the asymptotic behavior of the LV model 1.3 , first
we give the following definitions:
Ž .DEFINITION 1.1. In LV model 1.3 , the ith species is said to be
3 Ž .dominant for some initial value x g Int R if the solution x t, x0 q 0
satisfies
lim x t , x ) 0, lim x t , x s 0, lim x t , x s 0.Ž . Ž . Ž .i 0 iq1 0 iq2 0
t“‘ t“‘ t“‘
Ž .DEFINITION 1.2. In LV model 1.3 , the ith species is said to be
3 Ž .extinction for some initial value x g Int R if the solution x t, x satis-o q 0
Ž .fies lim x t, x s 0.t “‘ i 0
2. THE CONDITIONS OF THE POSITIVE EQUILIBRIUM
Ž .OF 1.3
Ž . Ž .Model 1.3 has a positive equilibrium E x , x , x if and only if D7 1 2 3
Ž .and D , i s 1, 2, 3, have the same sign. By 1.5 , we havei
1 y x y x y x s a y 1 x q b y 1 x , i s 1, 2, 3, 2.1Ž . Ž . Ž .1 2 3 i iq1 i iq2
and
D s D q a D q b D , i s 1, 2, 3. 2.2Ž .i i iq1 i iq2
Ž .Thus, model 1.3 has a positive equilibrium E if and only if D , i s 1, 2, 3,7 i
Ž .have the same sign. By 2.1 , we can deduce the following 46 conditions:
Ž .1 a , b , a , b , a , b - 1;1 1 2 2 3 3
Ž .2 a ) 1, b , a , b , a , b - 1;1 1 2 2 3 3
Ž .3 a ) 1, a , b , b , a , b - 1;2 1 1 2 3 3
Ž .4 a ) 1, a , b , a , b , b - 1;3 1 1 2 2 3
Ž .5 b ) 1, a , a , b , a , b - 1;1 1 2 2 3 3
Ž .6 b ) 1, a , b , a , a , b - 1;2 1 1 2 3 3
Ž .7 b ) 1, a , b , a , b , a - 1;3 1 1 2 2 3
Ž .8 a , a ) 1, b , b , a , b - 1;1 2 1 2 3 3
Ž .9 a , a ) 1, b , a , b , b - 1;1 3 1 2 2 3
Ž .10 a , a ) 1, a , b , b , b - 1;2 3 1 1 2 3
Ž .11 b , b ) 1, a , a , a , b - 1;1 2 1 2 3 3
Ž .12 b , b ) 1, a , a , b , a - 1;1 3 1 2 2 3
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Ž .13 b , b ) 1, a , b , a , a - 1;2 3 1 1 2 3
Ž .14 a , b ) 1, b , a , a , b - 1;1 2 1 2 3 3
Ž .15 a , b ) 1, b , a , b , a - 1;1 3 1 2 2 3
Ž .16 a , b ) 1, a , b , a , b - 1;2 1 1 2 3 3
Ž .17 a , b ) 1, a , b , b , a - 1;2 3 1 1 2 3
Ž .18 a , b ) 1, a , a , b , b - 1;3 1 1 2 2 3
Ž .19 a , b ) 1, a , b , a , b - 1;3 2 1 1 2 3
Ž .20 a , a , a ) 1, b , b , b - 1;1 2 3 1 2 3
Ž .21 b , b , b ) 1, a , a , a - 1;1 2 3 1 2 3
Ž .22 a , a , b ) 1, b , b , a - 1;1 2 3 1 2 3
Ž .23 a , b , a ) 1, b , a , b - 1;1 2 3 1 2 3
Ž .24 a , b , b ) 1, b , a , a - 1;1 2 3 1 2 3
Ž .25 b , a , a ) 1, a , b , b - 1;1 2 3 1 2 3
Ž .26 b , b , a ) 1, a , a , b - 1;1 2 3 1 2 3
Ž .27 b , a , b ) 1, a , b , a - 1;1 2 3 1 2 3
Ž .28 a , b , a , a ) 1, b , b - 1;1 1 2 3 2 3
Ž .29 a , a , b , a ) 1, b , b - 1;1 2 2 3 1 3
Ž .30 a , a , a , b ) 1, b , b - 1;1 2 3 3 1 2
Ž .31 a , b , b , b ) 1, a , a - 1;1 1 2 3 2 3
Ž .32 b , a , b , b ) 1, a , a - 1;1 2 2 3 1 3
Ž .33 b , b , a , b ) 1, a , a - 1;1 2 3 3 1 2
Ž .34 a , b , b , a ) 1, a , b - 1;1 1 2 3 2 3
Ž .35 a , a , b , b ) 1, b , a - 1;1 2 2 3 1 3
Ž .36 b , a , b , a ) 1, a , b - 1;1 2 2 3 1 3
Ž .37 a , b , a , b ) 1, b , a - 1;1 1 2 3 2 3
Ž .38 a , b , a , b ) 1, b , a - 1;1 2 3 3 1 2
Ž .39 b , a , a , b ) 1, a , b - 1;1 2 3 3 1 2
Ž .40 a , b , a , b , a ) 1, b - 1;1 1 2 2 3 3
Ž .41 a , b , a , b , b ) 1, a - 1;1 1 2 2 3 3
Ž .42 a , b , a , a , b ) 1, b - 1;1 1 2 3 3 2
Ž .43 a , b , b , a , b ) 1, a - 1;1 1 2 3 3 2
Ž .44 a , a , b , a , b ) 1, b - 1;1 2 2 3 3 1
Ž .45 b , a , b , a , b ) 1, a - 1;1 2 2 3 3 1
Ž .46 a , b , a , b , a , b ) 1.1 1 2 2 3 3
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Ž . Ž . Ž .THEOREM 2.1. i Let 1.6 hold. Model 1.3 has a positi¤e equilibrium
E if and only if one of the abo¤e 46 conditions holds.7
Ž .ii If Conditions 1, 8]13, 20, 21, 28]33, and 46 hold, then D ) 0,j
j s 1, 2, 3. If Conditions 14]19 and 34]39 hold, then D - 0, j s 1, 2, 3. Ifj
Conditions 2]7, 22]27, 40]45 hold, then D ) 0 or D - 0, j s 1, 2, 3.j j
Ž . Ž .Proof. If the model 1.3 has a positive equilibrium E , then 2.1 holds7
Ž .for each i. By 2.1 , we can deduce Conditions 1]46. The necessary
condition holds.
Ž .To prove the sufficient condition, we only need to prove ii . Let
A s 1 y a , B s 1 y b , j s 1, 2, 3. 2.3Ž .j j j j
Then
D s A A y A B q B B ,1 1 2 2 3 1 3
D s A A y A B q B B ,2 2 3 3 1 2 1 2.4Ž .
D s A A y A B q B B .3 3 1 1 2 3 2
If Condition 1 holds, then A ) 0, B ) 0. Let A ) B , A ) B ,j j 1 3 2 1
A ) B , i.e., 1 ) b ) a , 1 ) b ) a , and 1 ) b ) a , then D ) 0,3 2 3 1 1 2 2 3 j
j s 1, 2, 3. Suppose that D - 0, j s 1, 2, 3, thenj
A B ) A A q B B « A ) B , B ) A ,2 3 1 2 1 3 2 1 3 1
A B ) A A q B B « A ) B , B ) A ,3 1 2 3 2 1 3 2 1 2
A B ) A A q B B « A ) B , B ) A .1 2 3 1 3 2 1 3 2 3
These are contradictory for each other. Hence, D - 0, j s 1, 2, 3, arej
impossible.
If Conditions 8]13 hold, we have A , A - 0, B , B , A , B ) 0i iq1 i iq1 iq2 iq2
Ž .or B , B - 0, A , A , A , B ) 0 . We only prove the conclusioni iq1 i iq1 iq2 iq2
Ž .for the condition outside of the brackets. By 2.4 , D s A A yi i iq1
A B q B B ) 0 holds.iq1 iq2 i iq2
Set D s A A y A B q B B ) 0 « B B ) yA Aiq1 iq1 iq2 iq2 i iq1 i iq1 i iq1 iq2
q A B « yA q B - B B rA , and B ) A , and D siq2 i iq1 i iq1 i iq2 iq1 iq2 iq2
A A y A B q B B ) 0. Hence, D ) 0, j s 1, 2, 3, are possible.iq2 i i iq1 iq2 iq1 j
Ž .If Condition 20 or 21 holds, then A - 0, B ) 0 or A ) 0, B - 0 .j j j j
We have D s A A y A B q B B ) 0, j s 1, 2, 3.j j jq1 jq1 jq2 j jq2
If Conditions 28]33 and 46 hold, we can prove D ) 0, j s 1, 2, 3,j
similarly.
If Conditions 14]19, 34]39 hold, we can prove D - 0, j s 1, 2, 3, simi-j
larly.
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Let Conditions 2]4 hold; we have A - 0, B , A , B , A , B )i i iq1 iq1 iq2 iq2
0, and
A A y A B - D - B B ,i iq1 iq1 iq2 i i iq2
y A B - D - A A q B B ,iq2 i iq1 iq1 iq2 iq1 i
A A - D - yA B q B B .iq2 i iq2 i iq1 iq2 iq1
Thus, D ) 0 or D - 0, j s 1, 2, 3, are possible.j j
If Conditions 5]7, 22]27, and 40]45 hold, we can prove D ) 0 orj
D - 0, j s 1, 2, 3, similarly.j
Ž .3. THE GLOBAL DYNAMIC BEHAVIOUR OF 1.3
3  4For any x g R y O , let
5 5x s ru , r s x , 3.1Ž .
2  3 5 5 4 Ž .where u g S s u g R : u s 1 . The map 3.1 is a diffeomorphism
3  4 3  4 Ž .from R y O to R y O . By the diffeomorphism 3.1 , the LV model
Ž .1.3 can be turned into
² :a durdt s f u y u u , f u ’ f u ,Ž . Ž . Ž . Ž .T 3.2Ž .5² :b drrdt s 1 q r u , f u ’ 1 q rR u ,Ž . Ž . Ž .
² : Ž . 3 Ž . Ž . Ž .where ? , ? is a scalar product, R u s Ý u f u , f u s f u yis1 i i T
² Ž .:u u, f u .
d2Ž . ² : <f u is a tangent vector field of the sphere S , since u, u sT 5 u 5s1dt
² Ž .:2 u, f u ’ 0.T
Ž . 2 3In order to analyse the flows of f u in S l R , we choose localT q
Ž .  2 4coordinate charts V , f , j s 1, 2, 3, where V s u g S : u ) 0 , f : Vj j j j j j
 3 4‹ P , P s x g R : x s 1 ,j j j
x s f u s uru u g V , x g P . 3.3Ž . Ž .Ž .j j j j
Ž . 2 3The charts V , f , j s 1, 2, 3, cover the compact submanifold S l R . fj j q j
is a diffeomorphism from V to plane P .j j
Ž . Ž .By the diffeomorphism f u , the tangent vector field f u can deduce3 T
Ž . Ž . Ž .a vector field W x s f x y xf x in plane P . That is,3 3
W x s x 1 y b q a y 1 x q b y a x ,Ž . Ž . Ž .Ž 1 1 3 1 3 1 2
x 1 y a q a y b x q b y 1 x , 0 .Ž . Ž . .2 2 3 2 1 3 2
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Ž . Ž . ŽŽ . ŽThe possible singularities of W x in P are P 0, 0, 1 , P 1 y b r 1 y3 3 5 1
. . Ž Ž . Ž . . Ž .a , 0, 1 , P 0, 1 y a r 1 y b , 1 , and P x , x , 1 , where x s D rD ,ˆ ˆ ˆ3 6 2 3 7 1 2 1 1 3
x s D rD .2ˆ 2 3
Ž .The Jacobian matrix of P 0, 0, 1 is3
1 y b 01J P s .Ž .3 ž /0 1 y a2
Ž .Hence, P 0, 0, 1 is a stable node for b ) 1, a ) 1; an unstable node for3 1 2
b - 1, a - 1; and a saddle for b ) 1, a - 1 or b - 1, a ) 1.1 2 1 2 1 2
ŽŽ . Ž . .P 1 y b r 1 y a , 0, 1 is non-negative if and only if b ) 1, a ) 1,5 1 3 1 3
ŽŽ . Ž . .or b - 1, a - 1. The Jacobian matrix of P 1 y b r 1 y a , 0, 1 is1 3 5 1 3
b y 1 b y a 1 y b r 1 y aŽ . Ž . Ž .1 3 1 1 3J P sŽ .5 ž /0 D r 1 y aŽ .2 3
Hence, P is a stable node for b - 1, a - 1, D - 0; an unstable node5 1 3 2
for b ) 1, a ) 1, D - 0; and a saddle for b - 1, a - 1, D ) 0, or1 3 2 1 3 2
b ) 1, a ) 1, D ) 0.1 3 2
Ž .The Jacobian matrix of P x , x , 1 isˆ ˆ7 1 2
a y 1 x b y a xŽ . Ž .ˆ ˆ3 1 3 1 1J P s .Ž .7 ž /a y b x b y 1 xŽ . Ž .ˆ ˆ3 2 2 3 2
Its characteristic equation is
2l y a y 1 x q b y 1 x l q D x x s 0.Ž . Ž .ˆ ˆ ˆ ˆ3 1 3 2 3 1 2
Ž . Ž .Hence, P is stable for D ) 0, j s 1, 2, 3, and a y 1 x q b y 1 xˆ ˆ7 j 3 1 3 2
Ž . Ž .- 0; unstable for D ) 0, j s 1, 2, 3, and a y 1 x q b y 1 x ) 0; aˆ ˆj 3 1 3 2
Ž . Ž . Ž w xcenter for D ) 0, j s 1, 2, 3, and a y 1 x q b y 1 x s 0 see 9 forˆ ˆj 3 1 3 2
.Bautin’s result for quadratic systems ; and a saddle for D - 0, j s 1, 2, 3.j
Ž . Ž .By the diffeomorphism f u , the tangent vector field f u can deduce2 T
Ž . Ž . Ž .a vector field R x s f x y xf x in the plane P . That is,2 2
R x s x 1 y a y 1 y b x y b y a x , 0,Ž . Ž . Ž .Ž 1 1 2 1 1 2 3
x 1 y b y a y b x y 1 y a x .Ž . Ž . .3 3 3 2 1 3 3
Ž . Ž .On the straight line x s 0, the possible singularities of R x are P 0, 1, 03 2
ŽŽ . Ž . .and P 1 y a r 1 y b , 1, 0 .4 1 2
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The Jacobian matrix of P is2
1 y a 01J P s .Ž .2 ž /0 1 y b3
Hence, P is a stable node for a ) 1, b ) 1; an unstable node for2 1 3
a - 1, b - 1; and a saddle for a ) 1, b - 1 or a - 1, b ) 1.1 3 1 3 1 3
P is non-negative if and only if a ) 1, b ) 1, or a - 1, b - 1. The4 1 2 1 2
Jacobian matrix of P is4
a y 1 a y b 1 y a r 1 y bŽ . Ž . Ž .1 2 1 1 2J P s .Ž .4 ž /0 D r 1 y bŽ .3 2
Hence, P is a stable node for a - 1, b - 1, D - 0; an unstable node4 1 2 3
for a ) 1, b ) 1, D - 0; and a saddle for a - 1, b - 1, D ) 0, or1 2 3 1 1 3
a ) 1, b ) 1, D ) 0.1 2 3
Ž . Ž .By the diffeomorphism f u , the tangent vector field f u can deduce1 T
Ž . Ž . Ž .a vector field S x s f x y xf x in the plane P . That is,1 1
S x s 0, x 1 y b q a y 1 x q b y a x ,Ž . Ž . Ž .Ž 2 2 1 2 1 3 3
s x 1 y a q a y b x q b y 1 x .Ž . Ž . .3 3 1 3 2 1 3
Ž . Ž .The non-negative singularity of S x is P 1, 0, 0 , which is not located in1
the planes P and P .2 3
The Jacobian matrix of P is1
1 y b 02J P s .Ž .1 ž /0 1 y a3
Hence, P is a stable node for b ) 1, a ) 1; an unstable node for1 1 3
b - 1, a - 1; and a saddle for b ) 1, a - 1 or b - 1, a ) 1.2 3 2 3 2 3
Summarizing the above analyses, we can draw the global phase portraits
Ž . 2 3of f u on S l Int R .T q
Figures 1]4 denote the orthogonal projection in the x x plane of the1 2
Ž . 2 3phase portraits of f u on S l Int R . Figures 1]4 correspond toT q
Conditions 1, 7, 14, 15, 22, 28, and 37 of Theorem 2.1 respectively. The
Ž .phase portraits of f u in other conditions are similar. Therefore, we doT
Ž .not give them. For example, reversing the arrows of Figs. 1 a]c we obtain
the phase portraits of Conditions 46 and 40 of Theorem 2.1 respectively.
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FIGURE 1
FIGURE 2
FIGURE 3
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Ž . Ž .THEOREM 3.1. Let 1.6 hold. The positi¤e equilibrium E x , x , x of7 1 2 3
Ž .1.3 is globally asymptotically stable if and only if one of the following
conditions holds:
Ž .1 0 - a , b - 1, j s 1, 2, 3.j j
Ž . Ž2 a ) 1, 0 - b , a , b , a , b - 1 where i can be one ofi i iq1 iq1 iq2 iq2
.1, 2, 3 , and D ) 0, j s 1, 2, 3.j
Ž . Ž3 b ) 1, 0 - a , a , b , a , b - 1 where i can be one ofi i iq1 iq1 iq2 iq2
.1, 2, 3 , and D ) 0, j s 1, 2, 3.j
Ž . Ž4 a ) 1, a ) 1, 0 - b , b , a , b - 1 where i can bei iq1 i iq1 iq2 iq2
.one of 1, 2, 3 .
Ž . Ž5 b ) 1, b ) 1, 0 - a , a , a , b - 1, where i can bei iq1 i iq1 iq2 iq2
.one of 1, 2, 3 .
Ž . Ž . Ž6 a ) 1, a ) 1, a ) 1, 0 - b , b , b - 1, a y 1 D q b1 2 3 1 2 3 3 1 3
.y 1 D - 0.2
Ž . Ž . Ž7 b ) 1, b ) 1, b ) 1, 0 - a , a , a - 1, a y 1 D q b1 2 3 1 2 3 3 1 3
.y 1 D - 0.2
Ž . Ž .THEOREM 3.2. Let 1.6 hold. System 1.3 has a family of limit cycle
Ž .solutions which are v limit sets of some other solutions of 1.3 if and only if
one of the following conditions holds.
Ž . Ž . Ž1 a ) 1, a ) 1, a ) 1, 0 - b , b , b - 1, a y 1 D q b1 2 3 1 2 3 3 1 3
.y 1 D s 0.2
Ž . Ž . Ž2 b ) 1, b ) 1, b ) 1, 0 - a , a , a - 1, a y 1 D q b1 2 3 1 2 3 3 1 3
.y 1 D s 0.2
Ž . Ž3 a ) 1, a ) 1, b ) 1, 0 - b , b , a - 1 where i cani iq1 iq2 i iq1 iq2
. Ž . Ž .be one of 1, 2, 3 , a y 1 D q b y 1 D s 0, and D ) 0, j s 1, 2, 3.3 1 3 2 j
Ž . Ž4 b ) 1, b ) 1, a ) 1, 0 - a , a , b - 1 where i cani iq1 iq2 i iq1 iy2
. Ž . Ž .be one of 1, 2, 3 , a y 1 D q b y 1 D s 0, and D ) 0, j s 1, 2, 3.3 1 3 2 j
Ž . Ž .THEOREM 3.3. Let 1.6 hold. System 1.3 has a heteroclinic cycle which
Ž .is a v-limit set of some solutions of 1.3 if and only if one of the following
conditions holds.
Ž . Ž . Ž1 a ) 1, a ) 1, a ) 1, 0 - b , b , b - 1, a y 1 D q b1 2 3 1 2 3 3 1 3
.y 1 D ) 0.2
Ž . Ž . Ž2 b ) 1, b ) 1, b ) 1, 0 - a , a , a - 1, a y 1 D q b1 2 3 1 2 3 3 1 3
.y 1 D ) 0.2
Ž . Ž3 a ) 1, a ) 1, b ) 1, 0 - b , b , a - 1 where i cani iq1 iq2 i iq1 iq2
. Ž . Ž .be one of 1, 2, 3 , a y 1 D q b y 1 D ) 0, and D ) 0, j s 1, 2, 3.3 1 3 2 j
Ž . Ž4 b ) 1, b ) 1, a ) 1, 0 - a , a , b - 1 where i cani iq1 iq2 i iq1 iq2
. Ž . Ž .be one of 1, 2, 3 , a y 1 D q b y 1 D ) 0, and D ) 0, j s 1, 2, 3.3 1 3 2 j
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Remark 3.1. In both Theorem 3.2 and Theorem 3.3, if Condition 3
Ž . Ž .holds, the i q 1 th where 4 s 1 species will be dominant for some initial
values; if Condition 4 holds, the ith species will be dominant eventually for
some initial values. Thus, a family of stable limit cycle solutions and a
Ž .stable equilibrium or a stable heteroclinic cycle and a stable equilibrium
Ž .can coexist in 1.3 .
Ž .THEOREM 3.4. Let 1.6 hold.
Ž . Ž1 If a ) 1, 0 - b , a , b , a , b - 1 where i can be onei i iq1 iq1 iq2 iq2
. Ž . Ž .of 1, 2, 3 , and D - 0, j s 1, 2, 3, then the ith or the i q 1 th where 4 s 1j
species will be extinction e¤entually for some initial ¤alue.
Ž . Ž2 If b ) 1, 0 - a , a , b , a , b - 1 where i can be onei i iq1 iq1 iq2 iq2
. Ž . Žof 1, 2, 3 , and D - 0, j s 1, 2, 3, then the ith or the i q 2 th where 4 s 1,j
.5 s 2 species will be extinction e¤entually.
Ž . Ž3 If a ) 1, b ) 1, 0 - b , a , a , b - 1 where i cani iq1 i iq1 iq2 iq2
. Ž . Ž .be one of 1, 2, 3 , then the ith or the i q 1 th where 4 s 1 species will be
extinction e¤entually for some initial ¤alue.
Ž . Ž4 if a ) 1, b ) 1, 0 - b , a , b , a - 1 where i can bei iq2 i iq1 iq1 iq2
. Ž . Ž .one of 1, 2, 3 , then the i q 1 th where 4 s 1 will be dominant or
extinction e¤entually for some initial ¤alue.
Ž . Ž5 If a ) 1, b ) 1, a ) 1, 0 - b , a b - 1 where ii iq1 iq2 i iq1 iq2
.can be one of 1, 2, 3 , and D - 0, j s 1, 2, 3, then the ith species will bej
dominant or extinction for some initial ¤alue.
Ž . Ž6 If b ) 1, b ) 1, a ) 1, 0 - a , a , b - 1 where ii iq1 iq2 i iq1 iq2
.can be one of 1, 2, 3 , and D - 0, j s 1, 2, 3, then the ith species will bej
dominant or extinction for some initial ¤alue.
Ž . Ž7 If 0 - a , a - 1, b , b , a , b ) 1 where i can bei iq1 i iq1 iq2 iq2
.one of 1, 2, 3 , then the ith species will be dominant for some initial ¤alue.
Ž . Ž8 If 0 - b , b - 1, a , a , a , b ) 1 where i can bei iq1 i iq1 iq2 iq2
. Ž . Ž .one of 1, 2, 3 , then the i q 1 th where 4 s 1 will be dominant for some
initial ¤alue.
Ž . Ž9 If 0 - a , b - 1, b , a , a , b ) 1 where i can bei iq1 i iq1 iq2 iq2
. Ž . Ž .one of 1, 2, 3 , then the ith or the i q 1 th where 4 s 1 species will be
Ž .dominant, and the i q 2 th species will be extinction for some initial ¤alue.
Ž . Ž10 If 0 - a , b - 1, b , a , b , a ) 1 where i can bei iq2 i iq1 iq1 iq2
. Ž . Ž .one of 1, 2, 3 , then the ith or the i q 2 th where 4 s 1, 5 s 2 species will
Ž .be dominant and the i q 1 th species will be extinction e¤entually for some
initial ¤alue.
Ž . Ž11 If 0 - a - 1, b , a , b , a , b ) 1 where i can bei i iq1 iq1 iq2 iq2
. Ž . Ž .one of 1, 2, 3 , then the ith or the i q 2 th where 4 s 1, 5 s 2 species will
Ž .be dominant, and the i q 1 th species will be extinction e¤entually for some
initial ¤alue.
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Ž . Ž12 If 0 - b - 1, a , a , b , a , b ) 1 where i can bei i iq1 iq1 iq2 iq2
. Ž .one of 1, 2, 3 , then the ith or the i q 1 th species will be dominant, and the
Ž . Ž .i q 2 th where 4 s 1, 5 s 2 species will be extinction e¤entually for some
initial ¤alue.
Ž .13 If a ) 1, b ) 1, j s 1, 2, 3, then E , E , E are stable nodes.j j 1 2 3
Before we prove the above theorems, we give some notation. g denotes
Ž . 2 3 Ž .  w . 4a trajectory of f u on S l Int R ; C g s lu : l g 0, ‘ , u g gT q
5 5 5 5 Ždenotes a cone with the vertex at the origin; g s E r E s P r P j sj j j j j
. Ž . 21, . . . , 7 denotes an equilibrium of f u on the sphere S ; L denotes aT O Ei
Ž . Žray starting from the origin and passing through the point E , v g ori
Ž .. Ž .a g denotes the v or a limit set of g .
Ž . 2LEMMA 3.1. The flows of f u on the sphere S are topologically equi¤a-T
Ž .lent to the flows of the system 1.3 at infinity.
Proof. According to the extending methods of vector fields in Eu-
n w xclidean space R by Gozelez 10, 11 we can prove the result.
Ž . 5 5LEMMA 3.2. Let E be an equilibrium, of 1.3 , then g s E r E is aj j j j
Ž . Ž . Ž Ž ..singularity of f u , L is an in¤ariant ray of 1.3 , and v x t, x s ET O E 0 jj
 4for any x g L y O .0 O Ej
Ž . Ž . Ž . Ž 5 5.Proof. By E q f E s 0, 0, 0 , we have f g s f E r E sj j T j T j j
Ž 5 5. ² 5 5 Ž 5 5.: 5 5 Ž . 5 5 2f E r E q E E r E , f E r E r E s f E r E qj j j j j j j j j j
² Ž .: 5 5 4 Ž . 5 5 2 ² : 5 5 4 Ž . 5 5 2E E , f E r E s f E r E q E E , yE r E s f E r Ej j j j j j j j j j j j
5 5 2 Ž . Ž . 2yE r E s 0, 0, 0 . Thus, g is a singularity of f u on S . Accordingj j j T
Ž . Ž . Ž . Ž . Ž . ² Ž .:to 3.1 , x t, x is an invariant ray of 1.3 . By 3.2 , R g s g , f g s0 j j j
5 5 Ž . Ž .y1r E - 0, lim r t, r s y1rR g , for any r ) 0. Thus,j t “‘ 0 j 0
Ž . Ž .lim x t, x s lim r t, r g s E . This completes the proof oft “‘ 0 t “‘ 0 j j
Lemma 3.2.
Ž . 2 Ž .LEMMA 3.3. Let g be a trajectory of f u on S , then C g is anT
Ž .in¤ariant cone of system 1.3 .
Proof. We shall prove Lemma 3.3 in two steps.
Ž . 3Step 1. Let F x s 0 be a cone surface C in R with the vertex at
Žthe origin. Then, the normal vectors of the cone at each point l x l g0
Ž ..0, ‘ are parallel.
Ž . 3Since F x s 0 is a cone surface C in R with the vertex at the origin,
Ž . Ž .F x must be a homogeneous function of degree a a ) 0 . Let x be a0
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radius vector, and x g C; the normal vector of the cone surface at point0
x is0
n x s x = =F xŽ . Ž .0 0 0
› F › F › F › F › F › F
s x y x , x y x , x y x .2 3 3 1 1 2ž /› x › x › x › x › x › x3 2 1 3 2 1 xsx 0
Ž . Ž .n x is also a homogeneous vector function of degree a , and n l x s0
a Ž . Ž . Ž .l n x . Hence, n l x is parallel to n x .0 0 0
Ž .Step 2. By Step 1, we need only prove that the normal vector n u0
Ž .at each point u g g is orthogonal to the vector lu q f lu .0 0 0
² :n u s u = f u y u u , f u s u = f u ,Ž . Ž . Ž . Ž .Ž .0 0 0 0 0 0 0 0
² : ² :n u , lu q f lu s u = f u , lu q f lu ’ 0.Ž . Ž . Ž . Ž .0 0 0 0 0 0 0
This completes the proof of Lemma 3.3.
Ž . Ž . Ž .LEMMA 3.4. Let v g s g , a g s g i, j s 1, . . . , 7 and i / j , andj i
Ž Ž .. Ž .E g L , E g L . Then, v x t, x s E for any x g C g y L .i O g j O g 0 j 0 O gi j i
Ž . 5 5Proof. For any x g C g y L , let u s x r x , then0 O g 0 o 0i
Ž . Ž . Ž Ž ..lim u t, u s g . By 3.2b , R u t, u is a continuous function of t.t “‘ 0 j 0
Ž Ž .. Ž .For any e ) 0 e - yR g , there exists a T s T e , u ) 0, such thatj 0
R g y e s Ry u t , u - R u t , u - Rq u t , u s R g q e .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .j 0 0 0 j
We construct the equations
rqs 1 q rqRq u t , u , 3.4Ž . Ž .Ž .˙ 0
rys 1 q ryRy u t , u . 3.5Ž . Ž .Ž .˙ 0
qŽ . Ž Ž . . yŽ .We have lim r t, r s y1r R g q e , lim r t, r st “ ‘ 0 j t “ ‘ 0
Ž Ž . . 5 5y1r R g y e , where r s x . According to the Comparison theoremj 0 0
w x yŽ . Ž .12, 13 of ordinary differential equations, we have r t, r - r t, r -0 0
qŽ . Ž . Ž .r t, r for t ) T . Thus, lim r t, r u t, u s E , that is,0 t “ ‘ 0 0 j
Ž .lim x t, x s E . This completes the proof of Lemma 3.4.t “‘ 0 j
Ž .LEMMA 3.5. The positi¤e equilibrium E of 1.3 is globally asymptotically7
Ž .stable if and only if the positi¤e equilibrium g of f u is globally asymptoti-7 T
cally stable on S2 l Int R3 .q
Ž . Ž . Ž .Proof. By 2.2 , E x , x , x is positive if and only if P x , x , 1 isˆ ˆ7 1 2 3 7 1 2
positive in place P .3
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If the positive equilibrium E is globally asymptotically stable, then,7
Ž . Ž Ž . Ž . Ž .. 3 Ž .lim x t, x s E for any x s x 0 , x 0 , x 0 g Int R . By 3.1 ,t “‘ 0 7 0 1 2 3 q
Ž . 5 5 Ž 5 5. Ž .we have lim r t, r s E where r s x , and lim u t, u st “‘ 0 7 0 0 t “‘ 0
5 5 Ž 5 5.E r E s g where u s x r x . This proves the necessary condition.7 7 7 0 0 0
Ž .If the positive equilibrium g of f u is globally asymptotically stable,7 T
Ž . 2 3that is, lim u t, u s g for any u g S l Int R , according to Lem-t “‘ 0 7 0 q
Ž .mas 3.1]3.4, we recognize that the positive equilibrium E of 1.3 is7
globally asymptotically stable.
Proof of Theorem 3.1. Combining Lemma 3.5 with the phase portraits
Ž . 2 3of f u on S l Int R , we can prove Theorem 3.1.T q
Ž . 3LEMMA 3.6. System 1.3 has a family of limit cycle solutions in Int Rq
Ž .which are v-limit sets of some other solutions of system 1.3 if and only if
Ž . 2 3f u has a family of closed orbits on S l Int R .T q
Ž .Proof. We assume that system 1.3 has a family of limit cycle solutions
3 Ž . Ž .in Int R . Let x t, x be a limit cycle solution of 1.3 with periodic t ,q 0
Ž . Ž .then x t q t , x s x t, x and0 0
5 5r t q t , r s x t q t , x s r t , r ) 0Ž . Ž . Ž .0 0 0
« u t q t , u s x t q t , x rr t q t , f s u t , uŽ . Ž . Ž . Ž .0 0 0 0
Ž 5 5 5 5. Ž .where r s x , u s x r x . Thus u t, u is also a t-periodic solution0 0 o 0 0 0
Ž . 2 3of f u on S l Int R . This completes the necessary condition.T q
Ž . 2 3We assume that f u has a family of closed orbits on S l Int R . LetT q
w xu s u t , u : t g 0, t , u t q t , u s u t , u 4Ž . Ž . Ž .0 0 0
Ž . 2 3 Ž Ž ..be a closed orbit of f u on S l Int R , then R u t, u - 0 andT q 0
Ž Ž . Ž Ž .. Ž .R u t q t , u s R u t, u . By 3.2b , the generalized solutions on the0 0
Ž .cone C u are
t t t
r t , r s r 0 exp R u s, u ds q exp R u j , u dj ds.Ž . Ž . Ž . Ž .Ž . Ž .H H H0 0 0ž / ž /0 0 s
3.6Ž .
wŽ . t Ž t Ž Ž .. . w Ž t Ž Ž .. .xSet r 0 s H exp yH R u j , u dj dsr 1 y exp H R u s, u ds ,0 s 0 0 0
then
t t t
w wr t , r s r 0 exp R u s, u ds q exp R u j , u dj dsŽ . Ž . Ž .Ž . Ž . Ž .H H H0 0 0ž / ž /0 0 s
3.7Ž .
Ž . Ž .is a unique closed orbit of Eq. 3.2b on the closed cone C u .
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Ž wŽ ..In the following, we shall prove that the unique closed orbit r t, r 0
Ž . Ž .on the cone C u attracts all other trajectories on the cone C u .
Ž . wŽ . Ž .If r 0 ) r 0 is an initial value of 3.2b , then the Poincare map of´
Ž Ž ..r t, r 0 is
t
P r , t , r 0 s r 0 exp R u s, u dsŽ . Ž . Ž .Ž .Ž . Ž .H 0ž /0
t t
q exp R u j , u dj dsŽ .Ž .H H 0ž /0 s
and
t
wr 0 y P r t , r 0 s 1 y exp R u s, u ds r 0 y r 0Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .H 0ž /0
) 0.
Ž wŽ .. Ž Ž ..Thus, the closed orbit r t, r 0 is the v-limit set of r t, r 0 .
Ž . wŽ .Similarly, if r 0 - r 0 , then
t
wr 0 y P r t , r 0 s 1 y exp R u s, u ds r 0 y r 0Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .H 0ž /0
- 0.
Ž wŽ ..Therefore, the unique closed orbit r t, r 0 is globally attracting on the
Ž .cone C u . This proves Lemma 3.2.
Proof of Theorem 3.2. Combining Lemma 3.2 with the phase portraits
Ž . 2 3of f u on S l Int R , we can prove Theorem 3.2.T q
Similarly, we can prove Theorem 3.3 and Theorem 3.4. Therefore, we
omit the proof.
Ž .4. FURTHER DISCUSSION OF 1.3
Ž . Ž .In this section, we shall investigate the dynamic behavior of 1.3 as 1.6
does not hold.
Ž .1. If all three planes of 1.5 coincide, that is, a s 1, b s 1,j j
3 Ž . Ž Ž . Ž .j s 1, 2, 3, then for any x g Int R , lim x t, x s x r x 0 q x 00 q t “‘ 0 0 1 2
Ž ..q x 0 . Thus, each ray L is invariant, and the singular plane x q x3 O x 1 20
q x s 1 attracts every ray.3
Ž .2. If two planes of 1.5 coincide, without loss of generality, we
Ž .2 Ž .2assume that a s 1, b s 1, j s 1, 2, and a y 1 q b y 1 / 0. Byj j 3 3
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Ž . Ž .1.5 , system 1.3 has non-isolated positive equilibia if and only if one of
the following conditions holds:
Ž .1 a s a s b s b s 1, a ) 1, b - 1;1 2 1 2 3 3
Ž .2 a s a s b s b s 1, a - 1, b ) 1.1 2 1 2 3 2
Ž . 3 Ž .If 1 holds, then for any x g Int R , we can prove lim x t, x s0 q t “‘ 0
Ž Ž . Ž Ž . Ž .. Ž . Ž Ž . Ž .. . Ž . Ž . Žx 0 r x 0 q x 0 , x 0 r x 0 q x 0 , 0 for a y 1 x 0 q b y1 1 2 2 1 2 3 1 3
. Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 x 0 ) 0; lim x t, x s 0, 0, 1 for a y 1 x 0 q b y 1 x 02 t “‘ 0 3 1 3 2
Ž . Ž Ž . Ž . Ž .. Ž . Ž . Ž- 0; lim x t, x s x r x 0 q x 0 q x 0 for a y 1 x 0 q bt “‘ 0 0 1 2 3 3 1 3
. Ž .y 1 x 0 s 0.2
Ž . Ž . Ž 3 .If 2 holds, the v-limit set of x t, x x g Int R is similar to that0 0 q
above.
Ž .3. If system 1.3 has a unique positive equilibrium, and some of
a s 1, b s 1, j s 1, 2, 3, are equal to one, the research methods ofj j
Section 2 and Section 2 still hold. For example, if a s a s a s 1,1 2 3
Ž .Ž . Ž .Ž .b , b , b - 1, we have D s 1 y b 1 y b , D s 1 y b 1 y b ,1 2 3 1 1 3 2 2 1
Ž .Ž . Ž . Ž .D s 1 y b 1 y b , and a y 1 D q b y 1 D - 0. Hence, the3 3 2 3 1 3 2
positive equilibrium E is globally asymptotically stable. For the other7
situations, we can investigate them similarly.
Although our research methods are different from the methods of
Ž w x.cooperative and competitive systems see 14, 15, etc. , our results are still
in accord with the results of cooperative and competitive systems.
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